Characterization and quantification of multipartite entanglement is one of the challenges in stateof-the-art experiments in quantum information processing. According to theory, this is achieved via entanglement monotones, that is, functions that do not increase under stochastic local operations and classical communication (SLOCC). Typically such monotones include the wave function and its time-reversal (anti-linear operator formalism) or they are based on not completely positive maps (e.g. partial transpose). Therefore, they are not directly accessible to experimental observations. We show how entanglement monotones derived from polynomial local SL-invariants can be re-written in terms of expectation values of observables. Consequently, the amount of entanglement -of specific SLOCC classes -in a given state can be extracted from the measurement of correlation functions of local operators.
Introduction. -The preparation of multipartite quantum states and the characterization of their entanglement properties is one of the central issues of ongoing experimental research in quantum-information processing. Technological progress has made it possible to generate, e.g., GHZ and W states for three and more qubits with trapped ions (up to eight qubits, [1, 2] ) and photons (up to six qubits, [3, 4] ). Moreover, an entangled four-qubit state that is locally inequivalent from the GHZ state, the so-called cluster state could be generated with photons [5, 6] .
The experimental detection of entanglement is a rather subtle issue [7, 8] . Until now, the experimental characterization of entanglement has been carried out using entanglement witnesses or Bell inequalities (for a recent review see [9] ). The advantage of these methods is that the presence of entanglement in a given state can be inferred simply by measuring certain correlation functions of local observables. Although these methods are not strictly quantitative since to date there is no formulation of these concepts such that their results are invariant under stochastic local operations and classical communication (SLOCC) [10] , recent proposals exist on how (tight) lower bounds can be extracted with variable numerical effort [11] [12] [13] .
On the other hand, necessary criteria for the quantification of entanglement have been worked out and lead to the concept of the entanglement monotone [14] . Essential properties are local SU (2) invariance, convexity on the space of density matrices and non-increasing value under local operations and classical communication (LOCC). The non-increasing property needs to be extended to include also stochastic local operations and classical communication (SLOCC) [15, 16] . The connection between SLOCC and invariance under local SL(2, C) has been established [15] [16] [17] . Based on this, the two SLOCCinequivalent entanglement classes for three qubits have been discovered whose representatives are the W and the GHZ state [15] . While the former state exclusively contains pairwise entanglement (measured by the concurrence [18] ), a measure for the latter has been derived for pure states, the 3-tangle [19] . Subsequently much work has been devoted to the classification of N -partite qubit entanglement (N > 3) [20] [21] [22] [23] [24] [25] [26] , but up to now it is not clear what the essential criteria for such a characterization might be. However, it is known that local SL(2, C) invariance plays a major role [27] , and SL(2, C) invariants -both from classical invariant theory [22, [28] [29] [30] [31] [32] as well as from other methods [17, 23] -can be written in terms of the coefficients of a state alone (and not their complex conjugate in contrast to SU(2) invariants) and thus are naturally represented as expectation values of certain antilinear operators [24, 33] . This has the drawback that those quantities are not directly accessible in an experiment. Interestingly, also other prominent entanglement measures related to not completely positive operators (as the Peres-Horodecki criterion [34, 35] ) share this draw-back, which might indicate that sensible measures for entanglement are hard to access experimentally for conceptual reasons [8, 36] . For measures as the negativity the obstacles from dealing with not completely positive maps can be circumvented by adding the identity map [37] or by certain contraction techniques [38] . The addition of an identity map has also been applied to the concurrence [39] . In this work, we demonstrate how the antilinear formalism in Ref. [23, 24] -and hence all polynomial SL(2, C) ⊗q invariants [33] -can be directly rewritten in terms of linear operators and expectation values thereof by means of an invertible mapping [40] . This combines the advantages of experimental accessibility and controlled quantification of entanglement (intimately related to SL invariance). It provides experimentalists with a tool to directly measure genuine multipartite qubit entanglement. The mapping itself does not require qubits as local entities and therefore it could readily be applied to future SL invariants also for higher local dimension (e.g. for higher spin). On the other hand a connection to alternative approaches based directly on expectation values of linear operators (see e.g. [41] ) can be established by means of the inverse mapping. This comparison also highlights the advantage of an antilinear formulation as far as the construction of e.g. complete sets of invariants is concerned for future progress in entanglement classification.
The paper is organized as follows. After briefly reviewing the antilinear formalism we present the connection with linear expectation values. Then we discuss some basic conditions to measure such expectation values in an experiment.
Antilinear formalism.-In Refs. [23, 24] we have shown that SLOCC invariants can be obtained via the expectation values of antilinear operators, as a straightforward generalization of the well-known entanglement measures concurrence C(φ) = | φ|σ y ⊗ σ y C|φ | for a two-qubit state |φ and 3-tangle τ 3 (χ) for a three-qubit state |χ :
Here the symbol • indicates a tensor product where the jth factor is related to the jth copy of |χ , σ µ are the Pauli matrices (σ y ≡ σ 2 , σ 0 ≡ 1l) and C is the complex conjugation operator. The "metric" for the contraction of lower and upper indices is g µν = diag {1, −1, 0, −1}. In Eq. (2) it is evident how the 3-tangle can be written as an expectation value of an antilinearly hermitian operator with respect to a multiple copy of the state |χ . The basic ingredient for the construction of global antilinear operators ("filters") are local operators ("combs") that have zero expectation value for any pure state of the local Hilbert space. The two simplest independent combs are
Linear expectation values.
-Consider now an q-qubit state |ψ . Any polynomial q-qubit SL ⊗q invariant (an antilinear expectation value of several copies of the pure state state) can be expressed in terms of linear observables after rewriting the product of the (complex) q-qubit invariant and its complex conjugate expression
Here we have rearranged the factors and introduced the symbol • to indicate the tensor product of the jth copy and the corresponding copy from the complex conjugate expression. The square brackets enclose -for the kth qubit -as many pair-wise • products as there are copies of the state |ψ in the antilinear expression of the invariant. The permutation operator IP j,k exchanges the jth copy of the kth qubit with the jth copy of the kth qubit in the complex conjugate expression [49] and the product extends (for the kth qubit) over all copies j of that qubit. Now, even the complex conjugation in the copies |ψ * can be removed by including a partial complex conjugation acting on all operator factors to the right of a • symbol. It is worth mentioning that since we deal with Hermitean operators, this partial complex conjugation is equivalent to a partial transpose. As an illustration of the presented invertible mapping we quote the result for the concurrence
In the above equation, the symbol "•" stands for a usual tensor product; we use a different symbol for highlighting that different copies of the same state are multiplicatively combined where the different copies arise from taking the absolute square of an SL invariant. In contrast, "•" indicates tensor products of different copies of the pure state leading to a given homogeneous degree of the (complex) polynomial SL invariant (see above), and "⊗" represents the tensor product structure of the multi-qubit Hilbert space into single qubits. Note that the metric M µν for the summation in Eq. (6) is precisely the Minkowski metric. Hence, we have found a rule to write the linear operator corresponding to a comb O =Ô C as
where the complex conjugation acts only on the operator factors in O and IP to the right of the • symbol. For the comb σ µ • σ µ we find
where we have defined
with the matrices These results represent a prescription to express arbitrary polynomial SL(2, C)
⊗q invariants in terms of expectation values of linear operators. The principal idea of the mapping (7) is generic to SL invariants and not limited to qubits. Clearly, the elegance of the antilinear formalism can be noted by comparing Eq. (1) to the more cumbersome representation of the 3-tangle in terms of spin correlation functions (the formal existence of such an expression for the threetangle has been observed in [42] , giving an expression in terms of projectors)
Although this clearly favors the antilinear framework from a conceptual point of view, Eqs. (11), (12) are important for practical purposes: they are a prescription for how the 3-tangle of a pure state could be directly measured in an experiment. An interesting conclusion from this approach is that it clarifies the relation between SL invariants and a proposal to use the projection operators P − and P + to assess entanglement in multipartite qubit systems [41] . To this end we note that the linear operator corresponding to σ y C (cf. Eq. (6)) equals precisely the operator P − in Ref. [41] , which proves SL(2, C) invariance of P − . On the other hand, P + is not SL invariant, which becomes also evident, when we transform it back to the anti-linear framework
and take into account the results from Ref. [23] . As a consequence, an expression for qubits constructed exclusively from P − in the way proposed in Ref. [41] coincide with the well-known N -tangle proposed by Wong and Christensen [43] for an even number of qubits. Its use as a measure of multipartite entanglement has certain limitations [43, 44] , but an analytic convex roof extension is available [45] . This applies to every SL invariant constructed in Ref. [41] . A further limitation is that those quantities are polynomial local SU invariants with homogeneous degree limited to 4. On the other hand, the mapping (7) ofÔ = σ y and results from [33] show how P − can be used for constructing SL invariants of higher homogeneous polynomial degree. This procedure is entirely equivalent to employing full singlet contractions with the spinor metric tensor in the anti-linear framework (see e.g. [17] ); the latter method has been demonstrated to be considerably less efficient than using the pair of combs proposed in [23] .
Experimental detection.-Now let us discuss the possibility of measuring a quantity such as the squared 3-tangle in Eq. (11) . As to experiments, one has to deal with mixed states ρ = (1 − ε)|Ψ Ψ| + ερ with some admixtureρ, where Ψ|ρ|Ψ = 0 without loss of generality. This has two consequences: i) the 3-tangle typically will be reduced, τ 3 (ρ) ≤ τ 3 (Ψ), and ii) the quantity on the r.h.s. of Eq. (11) looses its significance for growing ε, as the experimentally measured correlation functions are expectation values for ρ rather than for |Ψ : . . . = tr(ρ . . .). In case of non-systematic errors, it should be reasonable, as a first approach, to assume this erroneous admixture to be completely uncorrelated/unpolarized, i.e. proportional to the identity on the orthogonal complement of |Ψ . For the discussion of unpolarized noise, we rewrite
where d is the dimension of the Hilbert space: forubits we have d = 2 q . The identity matrix will only give a contribution for the identity operator, since any appearing Pauli matrix leads to trace zero. Then, the error of type ii) is easily estimated as
for the 2-tangle, i.e. the concurrence squared, and
for the 3-tangle, where we have defined
z |ψ . This error applies when the tangle of the dominant pure state is computed in the laboratory using the expression of the pure state tangle in terms of spin expectation values.
Concerning the error type i), the admixture will typically affect the multipartite entanglement in the state beyond the mere loss of weight ε; this is generic when different entanglement classes coexist (see Ref. [46] ) and will be referred to as entanglement interference. The latter influence is reflected in the convex-roof extension, and this makes this second error considerably more complex. In order to estimate it, we discuss optimal decompositions of weakly mixed states.
Each decomposition vector of the density matrix (14) can be written as follows
whereρ = k p k |ϕ k ϕ k | and U is a block of a unitary matrix, i.e. its column vectors u k := (U 0,k , U 1,k , . . . ) are orthonormal; in particular i |U i,k | 2 = 1. For ε = 0 the optimal decomposition is trivially given by a single column vector with the only non-zero element being U 1,0 = 1. Continuity arguments for the decomposition vectors show that for ε ≪ 1 a δ =: ∆ε ≪ 1 exists such that
where N −m j=1 |α j | 2 = 1 and without loss of generality β ∈ R + . ∆ will typically be of order 1. Then,
It is worth to notice that the matrix elements δ i,j and γ i,j will typically be of order one such that U itself will typically not be continuous. The convex roof of τ 3 is its average in the optimal decomposition
There is one particular case to be distinguished: namely if m = 1 and δ 1,j ≡ 0. This case corresponds to a situation, where the convex roof close to the state |Ψ is affine on a range well beyond ε. An example for this is a mixture of a GHZ state and an orthogonal W state as studied in [46, 47] , where ∆ = 1 − 2∆ε) . A drawback of this estimate is however that in a generic experimental setup, it will be difficult to understand whether this scenario applies and what value ∆ would have.
For the estimation of τ 3 [ρ] in a generic case, we define x j := k=1 |U j,k | 2 and use the relation j x j = r − 1. This situation corresponds to a situation where the convex roof close to |Ψ is strictly convex. We need an estimate for the modulus of the states
which can be given as
where p min and p max are the minimal and maximal weights inρ; we will need the right inequality in what follows. In addition, we employ the very convenient
where we have used that the largest eigenvalue λ max of the tangle-operator F = Σ µ22 • Σ µ22 has modulus 3.
There appear two essentially different cases from (21), discriminated by the ratio β rel :=
εxj pmax . If β rel 1 the entanglement is dominated byρ and the lower bound for its entanglement will be zero. When summing the condition β 2 j (1 − ε) εx j p max over j we obtain (1 − ε) εp max (r − 1) defining a rough threshold value for ε beyond which the entanglement must be expected to have dropped to zero. For the analytically solvable case of GHZ-W-mixtures (r = 2, p max = 1) this threshold is ε = 1 2 . This rough estimate can only indicate an order of magnitude for such a threshold value. Indeed the analytic value for the threetangle to vanish is at ε ≈ 0.38 [46] . For unpolarized error of arbitrary rank (p max = 1/(r − 1)), the threshold stays ε = 1 2 , and the correct value for τ 3 to vanish is at ε = 0.25 [13] (see [48] for specific r = 3 states).
Assuming now β rel ≫ 1 we obtain after some straight forward algebra that the lowest order deviation is
For both the GHZ-W mixture and the fully unpolarized noise this deviation estimate would amount to ε = 0.04. In all the above formulae, r denotes the rank of ρ. The details of the calculation will be presented elsewhere. The error clearly has a systematic contribution, namely due to the mere lack of weight of the original state, and a contribution due to entanglement interference as reflected in pecularities of the optimal decomposition. It must be noted that the interference term constitutes by far the most relevant term even for small ε: assuming uncorrelated noise in an experiment for three qubits we have r = 8 and the estimated maximal distructive entanglement interference accumulates to 24ε. This would mean that en experimental error of only five percent could possibly destroy the entanglement of a maximally entanglement GHZ state. In the cross-over region β rel 1 we use Φ i |Φ i ≤ 2β 2 j (1 − ε) and the deviation up to first order in ε is obtained as
For both the GHZ-W mixture and the fully unpolarized noise this deviation estimate would amount to ε = 0.08. It is clearly seen that at least for weak mixtures to the GHZ state, both estimates are far too conservative. We must emphasize however, that a systematic analysis would be desirable in order to understand how conservative the above estimates are in general. In contrast to the error depicted in Eq. (16), the above formula attributes for the mixed state tangle of the state actually produced in the laboratory. It is important to note that there is no need to combine both errors to a total error, since they correspond to different quantities to be measured. The first formula provides an experimental check of whether the correct state has been produced (via its tangle characteristics) and a distillation procedure would be necessary to extract it from multiple copies in order to transmit it to quantum information processing. The second formulae rather address the question of how much entanglement there really is in the mixed state we have produced in the laboratory for direct submission to a quantum information process.
Conclusions.-We present a one-to-one mapping which translates entanglement measures formulated within an antilinear formalism [23, 24] into expressions in terms of linear operators. These linear expressions have twice the multilinear degree of their more compact originals in the antilinear framework and thus constitutes an undue complication in a theoretical approach to entanglement quantification and classification which most naturally appears within the antilinear formulation. Thus, from a formal point of view our results favor an antilinear approach in order to obtain a deeper understanding of entanglement in multipartite qubit systems. This aspect is particularly important since for defining a proper entanglement order in multipartite systems each class of entanglement should be expected to have its own measure [44] .
An important result of this work is an explicit expression of the threetangle in terms of spin expectation values. The transcription of multipartite entanglement measures given as expectation values of antilinear operators in Ref. [23, 24] is straightforward with the results presented here, but it is not the scope of this work to list them explicitly. The invertible mapping (7) from the antilinear to the linear setting is not limited to applications for qubits. As soon as antilinear expressions for polynomial invariants of qudit systems are available, also these can be transcribed using the same technique. The linear counterparts of entanglement measures for true multipartite entanglement [23, 24] are the key for experimentalists to measure genuine multipartite entanglement in a classspecific manner, as a complement to using witnesses; in addition, our results pave the way towards their convexroof expression, either numerical or analytical, within the linear framework.
